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=
1

2
lim

ε→0+

(

ln
2 − ε

ε
+ ln 3 − ln

2 + ε

ε

)

+
1

2
lim

b→+∞

ln
1 + b

b − 1
− 1

2
ln 3

=
1

2
ln 3 − 1

2
ln 3 = 0

bulunur.

(f) (7.21) den dolayı

E.d.

2
∫

1
2

dx

x ln x
= lim

ε→0+

(

1−ε
∫

1
2

+

2
∫

1+ε

) dx

x ln x

= lim
ε→0+

(

ln | ln x |
∣

∣

∣

1−ε

1
2

+ ln(ln x)
∣

∣

∣

2

1+ε

)

= lim
ε→0+

[

ln | ln(1 − ε) | − ln | ln
1

2
| + ln(ln 2) − ln(ln(1 + ε))

∣

∣

∣

]

= lim
ε→0+

ln
∣

∣

∣
ln

ln(1 − ε)

ln(1 + ε)

∣

∣

∣

[ε → 0+ iken ln(1 − ε) ∼ −ε ve ln(1 + ε) ∼ ε oldug̃undan]

= lim
ε→0+

ln
∣

∣

∣

−ε

ε

∣

∣

∣
= lim

ε→0+
0 = 0

bulunur. ¦

7.5 Ek Problemler

(18) As.ag̃ıdaki integralleri hesaplayınız.

(a)
+∞
∫

1

dx

(1 + x)
√

x
; (b)

+∞
∫

1

x4dx

(x5 + 1)4
;

(c)
+∞
∫

0

dx

ex +
√

ex
; (d)

+∞
∫

0

dx

(x2 + 9)
√

x2 + 9
;

(e)
+∞
∫

1

xearctan x

(1 + x2)
√

1 + x2
dx ; (f)

+∞
∫

0

e−ax sin2 bxdx (a > 0) ;

(g)
+∞
∫

1

dx

(2x − 1)
√

x2 − 1
; (h)

+∞
∫

0

x ln x

(1 + x2)2
dx ;
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(i)
+∞
∫

0

arctan(1 − x)
3
√

(1 − x)4
dx .

Cevap: (a)
π

2
; (b)

1

120
; (c) 2(1 − ln 2) ; (d)

1

9
; (e)

1

2
e

π

2 ;

(f)
2b2

a(a2 + 4b2)
; (g)

2π

3
√

3
; (h) 0 ; (i)

3 ln 2

2
− π(3 + 2

√
3)

4
.

(19) As.ag̃ıdaki integralleri hesaplayınız.

(a)
1
∫

0

2 − 3
√

x − x3

5
√

x3
dx ; (b)

−0,25
∫

−0,5

dx

x
√

2x + 1
;

(c)
1
∫

−1

dx

(4 − x)
√

1 − x2
; (d)

π

4
∫

0

√
cot xdx ;

(e)
1
∫

−1

dx
√

(1 + x2) arccos x
; (f)

1
∫

0

x3 arcsin x√
1 − x2

dx ;

(g)
1
∫

−1

x3 ln
1 + x

1 − x

dx√
1 − x2

; (h)
b
∫

a

x

√

x − a

b − x
dx (b > a) ;

(i)
π
∫

0

x ln(sin x)dx .

Cevap: (a)
625

187
; (b) 2(ln

√
2 − 1) ; (c)

π√
15

; (d)
√

2 ; (e) 2
√

π ;

(f)
7

9
; (g)

5π

3
; (h)

π

8
(b − a)(a + 3b) ; (i)

−(π2 ln 2)

2
.

(20) As.ag̃ıdaki integrallerin karakterlerini inceleyiniz.

(a)
+∞
∫

0

sin2 3x
4
√

x5 + 2
dx ; (b)

+∞
∫

1

dx√
4x + ln x

;

(c)
+∞
∫

0

√
x + 1

1 + 2
√

x + x2
dx ; (d)

+∞
∫

1

1 + arcsin(
1

x
)

1 + x
√

x
dx ;

(e)
+∞
∫

2

cos(
2

x
− 1)dx ; (f)

+∞
∫

0

sin(
1

x
)

(x − cos(
π

x
))2

dx ;
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(g)
+∞
∫

−

3

2

x + 3

x2
√

2x + 3
dx ; (h)

+∞
∫

0

ln(1 + x5)
√

x +
√

x
dx ;

(i)
+∞
∫

0

(e
−

1

x2 − e
−

4

x2 )dx ; (j)
+∞
∫

0

1√
x

arctan
x

x + 2
dx ;

(k)
+∞
∫

0

xdx

1 + x2 sin2 x
.

Cevap: (a), (c), (d), (e), (i) yakınsak, (b), (f), (g), (h), (k) ıraksaktır.

(21) As.ag̃ıdaki integrallerin karakterlerini inceleyiniz.

(a)
2
∫

0

dx

8 − x3
; (b)

1
∫

0

cos2(
1

x
)

3
√

x
dx ;

(c)
π
∫

0

sin x

x2
dx ; (d)

π

4
∫

−

π

4

√

cos x − sin x

cos x + sin x
dx ;

(e)
1
∫

0

dx√
x + arctan x

; (f)
2
∫

0

ln x√
sin x

dx ;

(g)
π
∫

0

ln sin x
3
√

x
dx ; (h)

1
∫

0

ln | 1 − 4 sin2 x | dx .

Cevap: (b), (d), (e), (f), (g), (h) yakınsak, (a), (c) ıraksaktır.

(22) As.ag̃ıdaki integralleri yakınsak yapan p deg̃erlerini bulunuz.

(a)
0
∫

−∞

epxdx ; (b)
+∞
∫

e

dx

xp ln x
;

(c)
+∞
∫

1

ln x

xp
dx ; (d)

+∞
∫

1

ln(1 +
e

1
x − 1

p
)dx, (p 6= 0) ;

(e)
+∞
∫

2

epxdx

(x − 1)p ln x
; (f)

+∞
∫

0

arctan 2x

xp
dx ;

(g)
+∞
∫

0

ln(1 + x−2p)√
xp + x−p

dx, (p > 0) ; (h)
+∞
∫

0

ln(1 + x2)

(x + p)2
dx ;

(i)
+∞
∫

0

x
4p

3 arctan(

√
x

1 + xp
)dx, (p > 0) .
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Cevap: (a) p > 0 ; (b) p > 1 ; (c) p > 1 ; (d) ∀p ∈ R\{0} ic.in

ıraksaktır. (e) p < 0 ; (f) 1 < p < 2 ; (g) p >
2

3
; (h) p ≥ 0 ; (i)

−9

2
< p < −3

4
.

(23) As.ag̃ıdaki integralleri yakınsak yapan p deg̃erlerini bulunuz.

(a)
π
∫

0

1 − cos x

xp
dx ; (b)

1
∫

0

e
p

x (cos x)
1

x3 dx ;

(c)

π

2
∫

0

ln x

xp tan x
dx ; (d)

1
2
∫

0

ln tan x

(4x cos x − π sin x)p
dx, ;

(e)
1
∫

−1

(1 + x

1 − x

)p

ln(2 + x)dx ; (f)
2
∫

1

arctan(x − 1)

(x −√
x)p

dx ;

(g)
1
∫

0

dx

ln | x − p | , ; (h)
1
∫

0

e
x
2

(x−p) dx .

Cevap: (a) p < 3 ; (b) p ≤ 1

2
; (c) p < 4; (d) p < 1 ; (e) p > −2 ; (f)

p < 2; (g) p < −1, 0 < p < 1, p > 2; (h) p ≤ 0, p ≥ 1.

(24) As.ag̃ıdaki integralleri yakınsak yapan p ve q deg̃erlerini bulunuz.

(a)
+∞
∫

2

dx

xp lnp x
; (b)

+∞
∫

0

arctanp xdx

(x2 + 2)(ex − 1)q
;

(c)

π

2
∫

0

sinp x cosq xdx ; (d)
1
∫

0

xp(1 − x)q ln xdx, .

Cevap: (a) p > 1, q ∈ R ve p = 1, q > 1 (b) q − p < 1, q ≥ 0 ;

(c) p > −1, q > −1 ; (d) p > −1, q > −2 .

(25) As.ag̃ıdaki integrallerin mutlak veya kos.ullu yakınsak olup olmadıg̃ını

aras.tırınız.
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(a)
+∞
∫

0

x cos 7x

x2 + 2x + 2
dx ; (b)

+∞
∫

1

sgn(sin ln x)

x
dx ;

(c)
+∞
∫

0

x2 sin
(cos3 x

x + 1

)

dx ; (d)
+∞
∫

1

arctan
(cos x

3
√

x2

)

dx ;

(e)
+∞
∫

0

ecos x sin(sin x)

x
dx ; (f)

+∞
∫

1

cos x

(2x − cos ln x)p
dx ;

(g)
+∞
∫

1

sin x

(ln(x + 1) − ln x)p
dx ; (h)

+∞
∫

1

sin(x + x2)

xp
dx ;

(i)
+∞
∫

1

sin(ln x)

xp
sin xdx ; (j)

+∞
∫

π

p− | cos x |
π + x

dx .

Cevap: (a) Kos.ullu yakınsaktır ; (b) ıraksaktır ;

(c) kos.ullu yakınsaktır ; (d) kos.ullu yakınsaktır ;

(e) kos.ullu yakınsaktır;

(f) p > 1 ic.in mutlak, 0 < p ≤ 1 ic.in kos.ullu yakınsaktır ;

(g) p < −1 ic.in mutlak, −1 ≤ p < 0 ic.in kos.ullu yakınsaktır;

(h) p > 1 ic.in mutlak, −1 < p ≤ 1 ic.in kos.ullu yakınsaktır ;

(i) p > 1 ic.in mutlak, 0 < p ≤ 1 ic.in kos.ullu yakınsaktır ;

(j) p =
2

π
ic.in kos.ullu yakınsaktır.

(26) As.ag̃ıdaki integrallerin mutlak veya kos.ullu yakınsak olup olmadıg̃ını

aras.tırınız.

(a)
1
∫

0

(1 − x)p sin
( π

1 − x

)

dx ; (b)
1
∫

0

xα

1 + x2
sin

(1

x

)

dx ;

(c)

1
2
∫

0

( x

1 − x

)p

cos
( 1

x2

)

dx ; (d)

π

4
∫

0

sin
( 1

sin x

) dx

sinp x
;

(e)

π

4
∫

0

sin
(1 + x

1 − x

) dx

(1 − x2)p
; (f)

1
∫

0

sin(x)p

x2
dx ;

(g)
1
∫

0

sin
(1

x

)

(
√

x − x)p
dx ; (h)

1
∫

0

(1 − x)p

x
sin

(1

x

)

dx .

Cevap: (a) p > −1 ic.in mutlak, −2 < p ≤ −1 ic.in kos.ullu yakınsaktır;

(b) p > −1 ic.in mutlak, −2 < p ≤ −1 ic.in kos.ullu yakınsaktır ;
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(c) p > −1 ic.in mutlak, −3 < p ≤ −1 ic.in kos.ullu yakınsaktır ;

(d) p < 1 ic.in mutlak, 1 ≤ p < 2 ic.in kos.ullu yakınsaktır ;

(e) p < 1 ic.in mutlak, 1 ≤ p < 2 ic.in kos.ullu yakınsaktır ;

(f) p > 1 ic.in mutlak, p < −1 ic.in kos.ullu yakınsaktır ;

(g) p < 1 ic.in mutlak yakınsak, p ≥ 1 ic.in kos.ullu ıraksaktır ;

(h) p > −1 ic.in mutlak yakınsak, p ≤ −1 ic.in kos.ullu ıraksaktır .

(27) As.ag̃ıdaki önermelerin dog̃ru oldug̃unu ispatlayınız.

f, [a, +∞) üzerinde tanımlı ve ω > 0 periyotlu bir fonksiyon, g ise

[a, +∞) üzerinde monoton ve x → +∞ iken sıfıra yakınsayan bir

fonksiyon olsun. Bu durumda :

(a) Eg̃er, Riemann anlamında
ω+a
∫

a

f(x)dx = 0 ise
+∞
∫

a

f(x)g(x)dx inte-

grali yakınsaktır,

(b) Eg̃er,
ω+a
∫

a

f(x)dx 6= 0 ise
+∞
∫

a

f(x)g(x)dx ve
+∞
∫

a

g(x)dx integral-

lerinin karakterleri aynıdır.

Bu önermeden yararlanarak, as.ag̃ıdaki integrallerin yakınsak olduk-

larını gösteriniz.

(c)
+∞
∫

0

ecos x sin(sin x)
dx

x
; (d)

+∞
∫

0

esin x sin(sin x)
dx

x
.

(28) Sol taraftaki integrallerin yakınsaklık durumunda as.ag̃ıdaki es.itliklerin

dog̃ru oldug̃unu ispatlayınız.

(a)
+∞
∫

0

f
(

px +
q

x

)

dx =
1

p

+∞
∫

0

f(
√

x2 + 4pq)dx, (p > 0, q > 0) ;

(b)
+∞
∫

0

f(x2)dx = p
+∞
∫

0

f(p2x2 − 2pq +
q2

x2
)dx, (p > 0, q > 0)

(c)
+∞
∫

0

f
(x

p
+

p

x

) ln x

x
dx = ln p

+∞
∫

0

f
(x

p
+

p

x

)

dx, (p > 0) ;

(d)
+∞
∫

0

f
(

xp +
1

xp

) ln x

x
dx = 0, (p 6= 0) .
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(29) In =
+∞
∫

0

e−px sinn xdx, p > 0 integrali ic.in

In =
n(n − 1)

n2 + p2
.In−2, n = 2, 3, · · ·

indirgeme formülünün dog̃ru oldug̃unu gösteriniz.

(30) a > 0 ve b > 0 ic.in as.ag̃ıdaki integralleri hesaplayınız.

(a)
+∞
∫

0

sin ax − sin bx

x
dx ; (b)

+∞
∫

0

( x

ex − e−x
− 1

2

)dx

x2
;

(c)
+∞
∫

0

1 − cos ax

x
cos bxdx ; (d)

+∞
∫

0

e−ax − e−bx + x(a − b)e−bx

x2
dx ;

(e)
+∞
∫

0

sin4 ax − sin4 bx

x
dx ; (f)

+∞
∫

0

b ln(1 + ax) − a ln(1 + bx)

x2
dx ;

(g)
+∞
∫

0

(e−ax − e−bx)2
dx

x2
.

Cevap: (a) 0 ; (b) −1

2
ln 2 ; (c) ln

(

√

| a2 − b2 |
b

)

; (d) b− a + a ln
a

b
;

(e)
3

8
ln

a

b
; (f) ab ln

b

a
; (g) 2b ln

2b

a + b
+ 2a ln

2a

a + b
.

(31) a > 0, b > 0, n ∈ N ic.in as.ag̃ıdaki es.itliklerin dog̃rulug̃unu gösteriniz.

(a)
+∞
∫

0

sin2n ax − sin2n bx

x
dx =

(2n − 1)!!

(2n)!!
ln

b

a
;

(b)
+∞
∫

0

cos2n+1 ax − cos2n+1 bx

x
dx = ln

b

a
;

(c)
+∞
∫

0

cos2n ax − cos2n bx

x
dx =

(

1 − (2n − 1)!!

(2n)!!

)

ln
b

a
;

(d)
+∞
∫

0

sin ax cos bx

x
dx =















π

2
, b < a ise,

π

4
, b = a ise,

0, b > a ise

;

(e)
+∞
∫

0

sin ax sin bx

x2
dx =







π

2
b, b ≤ a ise,

π

2
a, b ≥ a ise

.
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(32) As.ag̃ıdaki integrallerin, eg̃er varsa, Cauchy anlamında esas deg̃erlerini

bulunuz.

(a) E.d.
+∞
∫

0

dx

1 − x3
; (b) E.d.

+∞
∫

1

1 + x

1 + x2
dx ;

(c) E.d.
+∞
∫

0

dx

x2 − 4x + 3
; (d) E.d.

7
∫

−1

dx

(x − 1)3
;

(e) E.d.
b
∫

a

dx

(x − c)n
(c ∈ (a, b), n ∈ N) ; (f) E.d.

π
∫

0

x tan xdx ;

(g) E.d.
2π
∫

0

dx

a − b cos x
, (0 < a < b) ; (h) E.d.

2π
∫

0

xdx

1 − a cos x
(a > 1) ;

(i) E.d.

π

2
∫

0

dx

a − sin x
(0 < a < 1) .

Cevap: (a)
π

3
√

3
; (b) π ; (c) − ln

√
3 ; (d)

1

9
; (e) n = 1 ic.in

ln
b − c

c − a
, n = 2k + 1, k ∈ N ic.in

1

n − 1

(

(a − c)−n − (b − c)1−n

)

,

n = 2k, k ∈ N ic.in integral mevcut deg̃ildir ; (f) −π ln 2 ;

(g)
1√

b2 − a2
ln

b −
√

b2 − a2

a
; (h) 0 ; (i)

1√
1 − a2

ln
b −

√
1 − a2

a
.

(33) x > 1 ic.in

E.d.

x
∫

0

dt

ln t

mevcut oldug̃unu gösteriniz.

(34) p, a ∈ R ic.in

E.d.

+∞
∫

0

x sin px

x2 − a2
dx = cos pa

+∞
∫

0

sin px

x
dx

es.itlig̃inin dog̃rulug̃unu ispatlayınız.


